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Helical superconductors form a two dimensional, time-reversal invariant topological phase char-
acterized by a Kramers pair of Majorana edge modes (helical Majorana modes). Existing detection
schemes to identify this phase rely either on spin transport properties, which are quite difficult to
measure, or on local charge transport, which allows only a partial identification. Here we show that
the presence of helical Majorana modes can be unambiguously revealed by measuring the nonlocal
charge conductance. Focusing on a superconducting ring, we suggest two experiments that provide
unique and robust signatures to detect the helical superconductor phase.
PACS numbers: 74.90.+n,71.10.Pm,73.23.-b,74.45.+c
Topological phases of matter are at the forefront of cur-
rent condensed matter research. The excitations in such
a phase are gapped in the bulk, but the nontrivial topol-
ogy is indicated by the presence of robust gapless bound-
ary modes. There are various types of topological phases,
which can be classified by the nature of the boundary
modes they support (see Ref. 1 for an overview). The
most well known examples are provided by integer quan-
tum Hall (IQH) systems[2] and their superconducting
analogues, chiral superconductors[3]. These two dimen-
sional systems realize time-reversal symmetry breaking
topological phases characterized by chiral edge modes.
They are distinguished by the nature of these modes,
which are ordinary fermions in IQH systems, and Majo-
rana fermions in chiral superconductors[4, 5].
The recent excitement about topological phases was
triggered by the discovery of the quantum spin Hall
(QSH) effect, because it realizes a time-reversal invari-
ant topological phase[6]. QSH systems can be viewed as
analogues of IQH systems, with a Kramers pair of coun-
terpropagating fermion modes (helical modes) on their
edge. The existence of the QSH phase was confirmed
in experiments[7]. As IQH systems, chiral superconduc-
tors also have time-reversal invariant counterparts, called
helical superconductors[8–10]. In this phase, the edge
modes are helical Majorana fermions. Recent research
shows that noncentrosymmetric superconductors provide
a candidate for a solid-state realization[9, 10]. In order to
experimentally demonstrate the existence of the helical
superconductor phase, it is important to develop detec-
tion schemes for observing helical Majorana modes.
In the literature, there are two main strands of detec-
tion schemes. One direction focuses on spin transport
properties[9–12], but the experimental detection of spin
transport is quite difficult in general. The other direc-
tion studies the effects of the helical edge modes on local
charge transport, most notably on the Andreev tunnel-
ing conductance[12, 13]. While charge transport is much
easier to measure, the Andreev tunneling spectrum only
indicates that there are edge states below the supercon-
ducting gap, it does not expose their helical Majorana
character.
FIG. 1: Superconductor ring for detecting the helical super-
conductor phase. The normal-metal contact 1 at voltage V
injects charge into the Majorana edge modes aˆ (solid arrow)
and bˆ (dashed arrow) which is detected as an electrical current
I in contact 2. The conductance vanishes if a third, macro-
scopic contact (shown in the inset) is placed on either of the
edges. An odd nφ flux quanta leads to a Kramers pair of zero
modes on the edge, changing the sign of the conductance.
In this paper we show that the charge conductance
can be used to detect the existence and helical Majorana
nature of the edge modes, if it is measured nonlocally. To
explain our considerations qualitatively, we first note that
for temperatures and voltages well below the gap, any
transport between two spatially separated contacts must
take place via the edge modes. A fundamental property
of Majorana edge modes at low energies is that one of
them cannot transport charge, but a superposition of two
can[14, 15]. These facts can be exploited using a setup in
Fig 1, where the (outer) edge of a helical superconductor
ring is split into an upper and a lower segment by two
normal-metal contacts. On the upper edge the Majorana
mode aˆ propagates from contact 1 to 2, while on the
lower edge bˆ does the same. Given that the contacts
couple to a superposition of aˆ and bˆ, the conductance G
between the contacts (i.e. the nonlocal conductance) is
generally nonvanishing. While measuring a nonzero G
could mean several things (e.g. the presence of ordinary
fermion edge modes or the lack of a bulk gap), for a
helical superconductor G displays two unique features
which allow the unambiguous detection of this phase.
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2The first feature is the suppression of G upon placing a
third (grounded) macroscopic contact (illustrated in the
inset of Fig. 1) on either of the edges connecting 1 and 2.
The role of this contact is to act as a perfect sink, thereby
eliminating propagation along one edge from contact 1 to
2. Since now only one Majorana mode propagates from
contact 1 to 2, G vanishes. This effect directly demon-
strates the helical Majorana nature of the edge modes:
that the contact on either of the edges does the same
shows that both edges are needed for charge transport.
A second possibility offered by our setup is to perform
Majorana interferometry[14], i.e., to switch the magni-
tude and sign of G by controlling the number of flux
quanta in the helical superconductor ring of Fig. 1. (G
can be negative because the outcoming quasiparticles in
contact 2 can be holes, not only electrons, correspond-
ing to Cooper-pairs left behind in the superconductor.)
One might worry at this point that the flux breaks time-
reversal invariance, so it might spoil an essential element
of the edge states. One of our key observations is that this
is not so: flux quantization ensures that the flux enclosed
by the edges is a multiple of h/2e, which is compatible
with time reversal invariance of the edge physics[16, 17].
The switching behavior is a characteristic signature of
the appearance a zero mode in the scattering region. In
the present case, an odd number of flux quanta leads to
a Kramers pair of zero modes on the edge. That the
zero modes switch the magnitude of G is simply due to
resonant tunneling. That they also switch the sign of
G follows from the pi phase shift they induce between
the upper and lower edges[14]. If without a zero mode,
the Majorana fermions aˆ = aˆ†, bˆ = bˆ† combine into an
electron according to aˆ+ ibˆ = ψˆ† at the second contact,
a zero mode changes this to a hole, aˆ − ibˆ = ψˆ, which
switches the sign of G. Such an interferometric signal
shows that there are Majorana modes going from 1 to 2
on both edges, indicating the helical Majorana nature of
the edge states independently from the first feature.
We now turn to the quantitative analysis of the effects.
As in Fig 1, we take the superconductor and contact 2
to be grounded, and define the nonlocal conductance as
G = ∂I/∂V , with I the current in contact 2, and V
the voltage in the first contact. If contact α (α = 1, 2)
supports Nα electron and hole modes, it is characterized
by a scattering matrix(
γ
ψ
)
α,out
= Sα
(
γ
ψ
)
α,in
, Sα =
(
rα tα
t′α r
′
α
)
(1)
relating the amplitudes ψ = (e1, . . . , eNα , h1 . . . hNα)
T of
incoming electrons and holes on the normal side of the
contact and the amplitudes γα = (aα, bα)
T of incoming
Majorana edge modes to the outgoing amplitudes. (Here
and in what follows, we use the terms incoming and out-
going with respect to the discussed scattering region.)
We work with temperatures and voltages much smaller
than the superconducting gap and the inverse dwell time
of the contacts, which allows to neglect the energy de-
pendence of Sα. Due to electron-hole and time-reversal
symmetries, Sα satisfies[15, 18](
1 2
Σ1
)
S∗α
(
1 2
Σ1
)
= Sα, s2S
T
α s2 = Sα, (2)
where Σ1 = σ1⊗1Nα is the first Pauli matrix in electron-
hole space, and s2 the second Pauli matrix in spin-space.
This amounts to the restrictions
rα = χα
√
1− Tα1 2, χα = ±1, (3)
and
tα =
√
TαWα, WαW
†
α = 1 2, W
∗
αΣ1 = Wα. (4)
The transmission probability Tα measures the coupling
strength between the contact α and the edge modes. Re-
quiring that contact does not influence the edge modes
in the uncoupled limit Tα → 0 sets χα = 1. At energy
E, the upper and lower edges have scattering matrices
γβ,out = tβ(E)1 2γβ,in, β = u, l, (5)
where the 1 2 is again due to time-reversal invariance.
Unitarity implies |tβ(E)|=1, and electron-hole symmetry
requires t(−E)∗= t(E). The total transmission matrix re-
lates incoming electron and hole amplitudes at contact 1
to outgoing ones at contact 2, ψ2= ttotψ1. It is given by
ttot =
√
T1T2W
′
2tM (E)W1
1−√R1R2tu(E)tl(E)
, (6)
where tM =diag(tu, tl), W
′
2 = s2W
T
2 s2 and Rα=1− Tα.
At temperature T , and in e2/h units, G is given by[19]
G(eV ) =
∫ ∞
−∞
(
−∂f(E − eV )
∂eV
)
g(E)dE (7)
with the Fermi function f(ε) = [exp(ε/kBT ) + 1]
−1, and
g(E) = Tr[teetot(t
ee
tot)
†]−Tr[thetot(thetot)†]. From ttot we obtain
g(E) =
−T1T2g1g2 cos[ρ(E)]
1− 2√R1R2 cos[θ(E)] +R1R2
. (8)
Here we introduced θ(E)=arg(tltu) and ρ(E)=arg(tlt
∗
u),
the sum and the difference of the phase shifts along the
upper and lower edges, respectively. The factors Tαgα
are contact conductances where
gα = 2
Nα∑
j=1
|v(α)j |2 − 1. (9)
Here v
(α)
j is the first half row of
1√
2
(
1 i
1 −i
)
Wα. Physically
Tαgα corresponds to the conductance between incoming
electron and hole modes and the outgoing charged edge
3state combinations aˆ± ibˆ at contact α. Expressions (6-9)
are the central formulas which will be used to quantita-
tively analyze the predicted effects.
We first study the effect of a large contact (inset of
Fig. 1), taken to be on the upper edge for definiteness. In
the presence of the contact, scattering on the upper edge
becomes a three terminal problem. That the macroscopic
contact acts as a perfect sink corresponds to decoupling
of γu,in from γu,out. In Eq. (6), this replaces tu → 0,
which, in effect, erases the second row of Wα. In ob-
taining the conductance, this results in the replacement
gα → 0, which directly leads to G = 0. The presence
of the large contact thus suppresses the conductance as
claimed in the qualitative discussion.
To analyze the effect of flux quanta in the ring in Fig. 1,
we first establish that an odd number of them creates
zero modes on the edges. We use the fact that for any
helical superconductor, there exists a deformation which
does not close the gap, respects time-reversal invariance,
and decouples the system into two time-reversed copies
of chiral superconductors[1]. Each of these chiral super-
conductors supports a chiral Majorana edge mode. (The
two modes combine into a helical mode.) In the presence
of an odd number of flux quanta, the edge of each copy
supports a Majorana zero mode[5]. Due to the flux, the
two zero modes are not time-reversed partners. However,
flux quantization implies that the vector potential and
the superconducting phase wind in such a way, that the
edge theory is invariant under an antiunitary symmetry
T combining time-reversal with a (large) gauge trans-
formation. It is the presence of this T -symmetry what
is meant by saying that the quantized flux is compati-
ble with the time-reversal invariance of the edge theory.
Since T squares to −1, the eigenvalues of the edge Hamil-
tonian come in Kramers degenerate pairs. In addition,
the edge theory has an electron-hole symmetry, dictating
that the eigenvalues come in opposite pairs[18]. Hence,
the pair of zero modes cannot be removed[20], even if the
decoupled chiral superconductors are deformed back to
the original helical superconductor.
The presence of zero modes can be related to the edge
scattering matrix Eq. (5). The energy levels En of the
closed (Tα → 0) edge are determined by the secular equa-
tion tu(En)tl(En) = 1, expressing the periodic boundary
conditions. At zero energy, tu,l(0) = ±1 due to electron-
hole symmetry. For nφ flux quanta we thus have
tu(0)tl(0) = (−1)nφ+1. (10)
For the zero bias, zero temperature conductance this
leads to
G(eV → 0) = (−1)
nφT1T2g1g2
1− (−1)nφ+12√R1R2 +R1R2
. (11)
Importantly, the contact parameters Tα, Rα, gα are in-
dependent of the flux through the ring[21]. Eq. (11) thus
FIG. 2: G(eV ) for temperatures T =0 (solid lines with peaks),
kBT = h¯v/L, (dashed lines), kBT =10h¯v/L (horizontal lines).
The parameters used are T1 = 0.3, T2 = 0.4, δL/L = 0.01.
Black (gray) curves correspond to nφ even (odd).
expresses (the eV, kBT → 0 limit of) the second signa-
ture announced earlier, that the magnitude and sign of
the nonlocal conductance can be switched by nφ.
To study the effect of finite temperatures and voltages,
we consider a translation invariant edge with
tl(E) = e
iφl(E), tu(E) = ξe
iφu(E), (12)
where φβ(E) = ELβ/h¯v, with the edge velocity v and
the length Lβ , and ξ is the Berry phase for moving a
Majorana mode around the edge. From Eq. (10) we have
ξ = (−1)nφ+1, which leads to
θ(E) = EL/h¯v+ (nφ + 1)pi, ρ(E) = EδL/h¯v+ (nφ + 1)pi
in Eq. (8). Here L=Lu + Ll is the total circumference
and δL = Lu − Ll. At zero temperature, G(eV ) shows
peaks with a period of the edge level spacing 2pih¯v/L,
with slow oscillations of period 2pih¯v/δL superimposed.
In the tunneling limit Tα  1, the peaks have width
(T1 + T2)h¯v/L and height 4g1g2T1T2/(T1+T2)
2. An odd
nφ shifts the peaks with pih¯v/L and switches their sign.
This is the finite voltage form of the second signature,
shown in Fig. 2.
The effect of the temperature is to gradually smear out
the peaks of G(eV ). Importantly, G(eV ) stays nonzero
for h¯v/LkBTh¯v/δL, reaching a voltage independent
value G∞ for high temperatures. (With careful position-
ing of the contacts, δLL can always be achieved.) For
large coupling Tα ∼ 1, G∞ ∼ (−1)nφg1g2, while in the
tunneling limit one has G∞=(−1)nφg1g2T1T2/(T1 +T2).
The behavior of G(eV ) in the zero and high temperature
limits and for an intermediate temperature is shown in
Fig. 2.
The magnitude of the effects is determined by the con-
tact parameters Tα and gα, with a large effect favor-
ing Tα, gα of large magnitude. Optimizing the coupling
4strengths Tα ∈ [0, 1] amounts to optimizing the trans-
parency of the contacts. The values of gα ∈ [−1, 1] de-
pend on the Majorana mode superpositions coupled to
incoming electrons. Coupling only to one of the Majo-
ranas corresponds to gα = 0. Since the Majorana de-
grees of freedom are intertwined with the spin degrees of
freedom, using contacts with strong spin-orbit coupling
enhances |gα|. Another route to optimize gα is to place
the superconducting ring on a QSH edge. This couples
the Majorana modes to the QSH edge modes on the edge
segment outside of the ring, which play the role of the
electron and hole modes of the contacts. (The QSH edge
modes are gapped under the superconductor, hence the
QSH edge segment inside the hole of the ring is decou-
pled from the transport.) This setup corresponds to a
2× 2 Wα, which is severely constrained by electron-hole
symmetry[14, 22], allowing only gα = ±1. With suitable
contacts and due to the robustness against temperatures
kBT h¯v/L, the effects should have sufficient magnitude
and a reasonable temperature window for finding them
in experiments.
Before concluding, it is worth mentioning an impli-
cation of the flux parity effect besides detecting helical
superconductivity. Consider, instead of a ring, a helical
superconductor disk with a ferromagnetic layer at the
center (i.e., a heterostructure replaces the hole in Fig 1).
The central heterostructure realizes a region with effec-
tive chiral p-wave pairing, and is one of the proposed ar-
chitectures for topological quantum computation[10, 23].
Vortices trapping h/2e flux are proposed as the funda-
mental objects for storing quantum information. Detect-
ing their number parity through the sign of G can be a
practical application, once a helical superconductor plat-
form is available.
To summarize, we have shown how to demonstrate the
existence of a helical superconductor phase using non-
local conductance measurements. The helical Majorana
nature of the edge modes is revealed in two characteristic
features, (i) the suppression of G due to a large third con-
tact, and (ii) switching the magnitude and sign of G with
the number of flux quanta threading the helical super-
conductor ring. Both of these features survive thermal
smearing for temperatures kBT  h¯v/L, making them
robust qualitative signatures to look for in the experi-
mental search for helical superconductors. The second
effect can also have future applications in helical super-
conductor based architectures for topological quantum
computation.
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